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Abstract 

Starting from the general definition of a 1-loop tensor N-point function, we use its Feynman 
parametrization in order to calculate the UV-divergent part of an arbitrary tensor coefficient 
in the framework of dimensional regularization. After presenting the general result in closed 
form, we also provide less complex formulae for certain special cases and explicit expressions 
for some B-, C-, and D-f unctions. 

1 Introduction 



For the calculation of elementary particle processes at one loop level, 't Hooft and Veltman 
introduced the basic one loop integrals, namely the scalar 1-point, 2-point, 3-point and 4- 
point integrals pp. Passarino and Veltman then provided a systematic method which allows 
to reduce all tensor integrals with up to four internal propagators to these basic scalar 
integrals j2] • One important step in this reduction scheme is the inversion of the kinematic 
Gram matrix. Therefore, configurations where the kinematic matrix becomes singular can 
not be treated with this method. Such configurations appear, for example, in processes 
where the four momenta of the incoming particles are linearly dependent. 
In a recent paper 0, reduction schemes for vanishing Gram determinants for one loop 
tensor integrals were presented. These schemes provide recursive formulae that converge in 
principle. To get reasonable approximations of higher orders for a certain tensor coefficient, 
one needs lower order expressions of tensor coefficients of higher rank. In particular, the 
divergent parts of these high rank tensor coefficients are necessary as well. Dittmaier and 
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Denner provide recursive formulae for the divergent parts of B -, C -, and D - functions and 
explicit expressions for all A-functions and for B -, C -, D - and E - functions up to a specific 
rank. 

In this work, we want to present a method that allows the extraction of the divergent part of 
an arbitrary 1-loop tensor N-point coefficient. This can be done directly from its Feynman 
parametrisation leading to a closed formula for all 1-loop tensor N-point coefficients. In 
addition we explore some special cases in more detail and give the explicit formulae for 
some B-,C- and D-functions. 



2 Definitions and notation 

A one-loop tensor N-point integral in its general form reads 

(27r/i)4-^ q^'^...q^'p 



T^' ^-^-(pi, . . . ,pAr-i,mo, . . . ,m^_i) := ^'^''^\ [ d°q 

ZTT^ J 



NqNi . . . A^jv-i 



with the denominators 

Nk = {q + Pk^ -ml + i7], {po = 0) (2) 

where ii] {rj > 0) denotes a infinitesimally small imaginary part, ;U is a mass parameter and 
D the non-integer dimension of the spacetime defined as D = 4 — e. For the decomposition 
of the tensor integral in its Lorentz-covariant structures we use the same notation as in jS] . 



N-l N-l 

00i3...if 



il,...,2p = l ?3,...,2p = l 

N-l 

+ J2 i99P---P}i,\'f/T^ooois...ip + ■■■ 

i5,...,ip=l 

N-l 

for P odd, 

+ { «p=i p-1 (3) 

{g... gy'-^''T^,„o , for P even, 

p 

where the curly brackets stand for symmetrization with respect to Lorentz indices in such 
a way that all non-equivalent permutations of the Lorentz indices on metric tensors g and 
a generic momentum p contribute with weight one. In covariants with n momenta pf^^ (j = 
1, . . . , n) only one representative out of the n! permutations of the indices ij is kept. This 
means for example 

= 9'y^,+9''pt+9''Pl, 
{9PP}Z7 = a'^'PnPl + 9''plPl + g'^'plpl, + g'^'PnP^ + a'^'PlPt, + i^'^Xpf, • (4) 
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For illustrtation we write down the tensor composition of C^^^" ~ j^s./i^po- 

2 2 

The main difference of this composition to other common conventions is that terms hke 

• • • + {gpvYi'^r + {fi'pp}2,T''C'oo2i + • • • 

are occurring. These are often put together because of the symmetry of the tensor coefficients 
in all indices, but then it is not possible to write down the general tensor coefficient in a 
closed form with the sums like in eq. Q. 



3 Feynman parametrisation 

The investigation of the divergent behaviour is most easily done with the help of the Feyn- 
man parametrisation. From its most general form 



1 f\ , , \- \ n^r-' r(mi + . .m. 



we obtain for our purpose 



(6) 



1\q...1\In-i Jo ^ ^ (Li=o ^i^i) 

rl rl-xi i'l-xi-...-xjsi-2 

= {N — 1)\ dxi I dx2 ■ ■ ■ / dxN-i 
Jo Jo Jo 

N 



I ,r ^AT 



X |iVo(l - Xi - ... - Xn-i) + E ^i^i} 

1=1 



rf^AT = / dxi / (ix2 • • • / t^a^AT (9) 



By denoting 

I dSN = 

'0 Jo Jo 

for the multiple integration we can now write the general one loop tensor N-point integral 
(P) as 

\4~D 



J 



^-1 -N 



1 dSN-i\^No{l - xi - ... - xn-i) + E ^»^*} 

i=i 



(10) 
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By inserting the explicit forms of the A^j's, the term in the curly brackets can be rewritten 
as 



JV-l N-l N-1 N-1 

|7Vo(l -^Xi) + XiNi^ = + 2 ^ piXi q+Y^ Xi{pl - ml + ml) -ml + irj 



i=l 1=1 1=1 

By completing the square this yields 

N-1 \ 2 Af-1 JV-l N-l N-l 

1=1 J 1=1 i=l i=l j^i=l 



Inserting this result into the tensor coefficient gives 

j^N, ^ i^lUll^m - 1)! / d^qq^"' ...q^"^ 

in^ J 

J dSN-i<^{q + J2 P^^i) - iPiPj),ml) + ifj^ (11) 

with 

N-l N-l N-l N-l 

A^^^ {xi, {piPj),ml) = {piXif + Y Y PiPjXiXj - 5^ Xi{pl - m- + ml) + ml (12) 

1=1 i=l j^i=l 1=1 

By performing a shift in the integration variable q we obtain 

J.N,,,...,, ^ i^Il^^^N -1)1 J d^q{q- J2xiPi)'''...{q -^XiPi)^- 

J dSN-ii^q'' - A^^\xi,{pipj),ml) + 17]"^ (13) 
as the result that we want to use for the further calculation of the divergent parts. 

4 Calculation of the UV-divergent parts 

Regularisation of loop integrals can be done with the help of various techniques. Dimensional 
regularisation has become the standard scheme to deal with UV divergences. One could 
in principle also handle IR divergences in dimensional regularisation, but then both are 
parameterized by ^-terms and one can not distinguish between them anymore. To separate 
them we assume the introduction of small regulator masses Aj which guarantee IR finiteness. 
Thus we need not to worry about the infra-red behaviour in the following calculation. 
At first we want to investigate the UV-divergent part of a tensor coefficient proportional only 
to the metric tensors. Later on we will see that the other coefficients belonging to momenta 
and metric tensors can be reduced to the upper case. In order to extract the coefficient 
proportional only to metric tensors from the Feynmann parametrisation of a general one 
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loop tensor integral (with an even number of indices) one has just to leave out all momenta 
in formula (fTSj) . This means 

Now we have to contract with the metric tensors. Some examples with only a few metric 
tensors will help to see the general formula more easily. 

9^99^" = 9^9^"" 9'" + 9''''9''' + 9'''9n = {D + 2)gP" 
9,u{999Y'""'^' = 9,ui9'''{99r'' + 9''{99r'' + 9''^{99V''' 



9^.^^.A9■■9r'■■'''" = (D + 2(71 - l)){g..gr^-'^'- 

Contraction with all n metric tensors therefore yields 

9,.,. ■ ■ ■ 9,..-.,.A9-9r'-''" = D{D + 2)...{D + 2[n - 1)) (15) 

On the left side of equation (fT^ the contraction generates n times g^. After the contraction 
one has to divide with the expression (fTH|) on both sides. We rewrite this prefactor in the 
following way 



TT 7 7 = TT^ ^ = n . x (l + Q(g)) = r^ T7(l + 0(£)) (16) 

1=1 ^ ' i=l ^ ' i=l ^ ' ^ ' 

With (Uni) and 

(2^/i)^-^ = {211 = e"^'^^^^ = 1 + e In 27r^ + . . . (17) 
equation (fT^ now reads 

The next step consists of carrying out the q integration. Therefore we transform the inte- 
grand with the help of the binomial theorem 

{g2 _ A + iriY'' = {<i - A- tr])^ {q^-A + tr]}-'' = 

E it) - ^^)'{^' - ^ + '"^y^ii" - ^ + ''ly'' (19) 

fc=0 ^ ^ 

which yields a new expression for the tensor coefficient 

-^^(^^(--"/--'i:C;)(-".f/A{,-...}-"-'- 

2n /c — 

(20) 
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To perform the g-integration we distinguish between two cases 

l.Case: - N - k + n = P >0 

The pole prescription becomes unnecessary in this case and we use the rules for integration 
over a D-dimensional space, that can be found for example in 0]. 



a=0 



Explicitly we exploited linearity and applied the result J d^q (q^)"' = 0, Va 

2. Case: - N ~ k + n = -(3 <0 
In this case we deal with the standard integral IjsiA) given by 

1 . . . o, ^.,r(/3-^^ 



d^'q 



{q"^ - A + ir]y 



Ip{A)=t7r-{-lf- 



m 



[A-ir])"'^ 



A detailed calculation of this integral is executed in most standard books on quantum field 
theory that use dimensional regularisation, for example in jS]. 

After omitting the vanishing parts with the positive exponent our tensor coefficient reads 



N 
0..0 

2n 



2-" (l + 0(£))^ 
(n + 1)! 27r2 



{N-l)\ dS^^r 



k=n-N+l 



{A-iy]flN+k-n{A) (21) 



In dimensions close to 4, UV divergences only occur for Ji and /2, i.e for k = n — N + 1 and 
k = n — N + 2, the other J^'s are finite. Thus, we are left with 



T 



N 
0..0 

2n 



2"" 1 
n 

n- N + 2 



(N-iy. / dSN-i 



n 



{A-tr^r-'^^'h{A) 



n- N + 1 

+ UV-finite terms 



After inserting the explicit forms of /i and /2, using vra = 1 + 0{e) and V{z + 1) = zV{z) 
we arrive at 



T 



N 
0..0 

2n 



(n + 1)! 



1 ^ n!(A^-l) 



(n-A^ + l)!l-| {n-N + 2)\ 



n-N+2~ 



r - + UV-finite terms 



dSN-i{A — irj) 



By leaving out terms of order e and reducing to the common denominator the factor in front 
of the integral, we can further simplify to 



T 



■N 
0..0 

2n 



2-n 



(n-N + 2)\ 



dS^^i {A — irf) 



n-N+2- 



r (^0 + UV-finite terms (22) 



By taking into account that 
and using 



{A - iri)~i = 1 - - ln(v4 - iifj + 
2 



^ (l^ = \-lE + O , forego, = 0,5722.. (Euler's constant) (23) 
2~" 2 /" 

= ^^_^^^y_ - J dSN-i (A - zr/)"-^+2 + UV-finite terms (24) 



we get 



and finally for the UV-divergent part (we can omit the ir] now, because for all one loop 
N-point tensor functions that are UV-divergent the relation n — + 2 > holds ) 

P-4)Tlo = , o^, / dSr,-,A^''\x.,p.p„mfr-'^+' (25) 



(n-N + 2)\ 



2n 



With the help of this special result we can now investigate the divergence of a general tensor 
coefficient that we extract from equation (jl3|) . 



\y--yj Pi --Pi ■■■Pn-1 ■■Pn-1 ' 



0..0 1..1 ..Af-L.AT-l 



(27r^)^-^ 



-(A^-l)! y d^g J dSN-iq^' ■■■q'''"{ -Xipi)^'"+\.{- xipif ... 

N 



xjv-iPiv-i)'''"^'"'^-^™^-^^' ■•( - xjv-iP7v-i)^'"+'"^+-^'"^-^ i - A^^^ + if] 



The external momenta only determine the form of the polynomial in the Xj's. By comparing 
both sides one gets 

\y--yj ^ 0..0 1..1 ..N-i..N~i — 



n 2ii mj^ ™JV-1 

N-1 



(A^-1)! dSN-1 Yli-Xi)""^ d^qq^K.-q"'" W - A^^^ +iri\ 



1=1 

Now the calculation is the same as for the coefficient of the metric tensors only. To obtain 
the final result for the general IR- finite one loop tensor N-point integrals one just has to 
include the product over the Xj's leading to 

2-{n~l) - 



2~^"~ ' AT-i r j» J- 



n-N+2 

i=l 

(26) 



For reasons of completeness we show A^^) again explicitly 

N-l N-1 N-1 N-1 

A^^\xi, {piPj),ml) = {piXif + PiPjXiXj - Xi{p1 - + ml) + ml (27) 

i=l 1=1 jj^i=l i=l 

At this place we want to point out that eq. ()2(ij) is only valid for tensor coefficients that are 
indeed UV-divergent (i.e. where n > N — 2). 
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5 Special Cases 



The result fl2f)j) is very compact and can be applied to all one loop N-point tensor integrals, 
but for practical purpose the explicit formulae for the A-,B-,.. functions are more useful. 

5.1 A-functions 



For the 1-point tensor integrals = 1 and the expressions become very simply,because all 
sums, products and external momenta vanish and A^^^ = mg. 

2-(n-l) r 

(D - 4) = - J dSo (mlr-^' (28) 

2n 

From the general definition (|7j) the integral J dSo can be interpreted as 

j dSo = dxo6{l -xo) = l (29) 

and we arrive at 

o-(n-l) 

{D - 4) Ann = Try (m^)"+i (30) 

^ (n + 1)! 

5.2 B-functions 

Things become more complicated now and useful formulae are only found for B-functions 
with small n. The general formula reads 

{D-A)B 0..0 1..1 = {-ir / dx x^ pix^ + x{pI -ml + ml) + ml (31) 

^^^^ n ! Jo ^ ^ 

For n = this becomes 

(D - 4) 5 = (32) 

Setting m = gives the UV-divergent part of Bq {{D — 4) So = —2). 
For n = 1 we get 

(D - 4) soo = (-1)"^+' [ - plr—^^r-rv^ + "^'^ + ^or— rrr^^l (^s) 

^-v-^ L [m + 6){m + 2) m + 2 [m+l)[m + 2)\ 

m 

Higher n's lead to impractical expressions. 

5.3 C-functions 

The general formula explicitly reads 

2-(n-l) /"l pl-x 

(D-4)Co..o 2..2 =-7 Tvri-ir^'^' dx dy x'^y' {A^'\x,y)r-' (34) 

^^^^ (n-1)! Jo Jo 

2ri m 



With 

A^'"\x,y) = pIx"^ +ply'^ - (pu-pI-pI) xy- {ml-mj+pl) X 

- {ml -ml+pl) y + ml (35) 

where pu = {pi — P2Y ■ For n = 1, the integration simphfies leading to the expression 

(«-4)C,„^^^(-ir««j^;^^ (36) 

m k 

Mind that for n = no UV divergences arise. 

5.4 D-functions 

For the four point functions we have the general expression 

(D-4)Do..o 2..2 3..3 = -7 ^(-ir+'+'+W dx dy dz 

^^^^ (^-2)' Jo Jo 

x"'y''z^{A'^^\x,y,z))''-^ (37) 

with 

^4 (x, y, z) = mo^ — (mo^ — mi^ + pi^) x + pi^ x^ — [m^^ — m2^ + P2^) y 
+ (Pi^ - P12 + P2^) xy + p2^y'^- (mo^ - + ^3^) z 
+ (Pi^ - Pi3 + P3^) XZ+ [p2^ - P23 + P3^) yz + ps^ z^ (38) 

where p\2 = (pi — P2Y, P13 = {pi — PsY, and P23 = {p2 — Ps)'^- UV divergences exist for 
n > 2. A simple expression can be found for n = 2: 

iO - 4) D^^^^ ^ (-^r^'-' ^nrt^l 3). 

m k I 

5.5 Tensor coefficients with n = N — 2 

As seen in the previous sections, one always obtains convenient expressions if the exponent 
of A*^^) vanishes, i.e. ifn — A^ + 2 = The general formula ()26|) reads in this case 

„ N-l 

(D - 4) T^^..N_i^ = -2-(^-^) (-l)^-^^'- J dS^., n (40) 



2{]V-2) fci 



4 = 1 



For the cases = 2, = 3, and A = 4 the integration was carried through and the results 
suggest the following generahzation 

/ ds^^^ n = n / dx, ^ = (41) 

J 7=1 7=1 -^0 [yZ,=^ [ki + 1))! 
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The proof of this equation is done by complete induction. 
Now we trace back the integral over the Sjy to S^^i 
with the help of the substitution 

Xi = (1 - 

and some index transformations we arrive at 

1 /N—l t ■ 

I dx, (1 - n / ~ ' 

Jo \ Jo 

The term in the big brackets denotes exactly our induction hypothesis ()4ip and the inte- 
gration over Xi is a Beta-function 



-, q.e.d 



(Ef=i(^. + 1))! (Ef=7'(^m + 1))! (ELih + 1))! 
The resulting formula for the UV-divergent part of the tensor coefficient thus reads 

2(JV-2) fci fejy_i '^/^i=l « 



(43) 



6 Summary 

It has been shown that with the help of the Feynman parametrisation it is possible to ex- 
tract the UV-divergent term from a general one-loop tensor coefficient. The resulting formula 
is very compact and can be easily evaluated with a symbolic programming language (a short 
mathematica notebook is available at http: / / wwwhephy.oeaw.ac.at / u3w/s/sulyok/www/uv 



For special cases where the multi-dimensional integration can be performed one obtains 
rather simple expressions. 

As an application our result can be used in the reduction schemes presented in 0. 
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Appendix 



In the appendix we want to give the exphcit expressions for the UV- divergent parts of the 
B-, C-, and D-functions up to such a rank that clarity is maintained. For higher ranks we 
refer to the general formula. 

A Explicit UV-parts of B-functions up to rank 10 



{D - 4)Bo 
{D - 4)5oo 

{D - 4:)Booi 
(D- 4)^0000 
(D - 4)Sooii 
{D - 4)Sooooi 
{D - 4)Sooiii 
{D — 4)Soooooo 

(D — 4)Sooooii 
{D - 4)Sooiiii 
{D — 4)i?ooooooi 

{D — 4)Sooooiii 
{D - 4)Sooiiiii 



00000000 



-2, {D - 4)Si = 1 

^ (-3 mo' - 3 mi' + pi') , {D - 4)Bu = 
2mo' + 4mi--pi^ ^ P - 4)i^.n ^ 

-10 mo^ - 10 mi^ + 5 mi^ pi^ - pi'' + 5 mo' (-2 mi^ + pi^) 

120 

-5 mo2 + 3 (-5 mi^+pi^) 2 

60 ' (^-4)5mi = -5 

5 mo^ + 15 mi'' - 6 mi^ pi^ + pi^ + 2 mo' (5 mi^ - 2 pi^) 

240 

3 mo' + 12 mi^ - 2 pi2 1 
60 ' (^-4)^1^1 = 3 



+ 



—35 mo — 35 mi + 21 mi pi — 7 mi pi + pi 

3360 

-7 ;;/o^ (5 ///r - 3 pr) - 7 nij}^ (5 iiii^ - 1 ///g- pi^ + Pi^) 

3360 

-7 mo^ + 7 mo^ (-3 mi^ + pi^) - 2 (21 mi^ - 7 mi^ pi^ + pi'') 

840 

-7mo^ + 5 (-7mi=^+pi^) 2 
— , (D-4)Siiiiii = -- 

14 mo^ + 56 mi^ - 28 mi^ pi^ + 8 mi^ pi^ - pi" 



6720 



+ 



14 mo^ (2 mi^ - pi^) + nio^ (42 mi^ - 28 mi^ pi^ + 6 pi^ ) 

6720 

14 mo^ + 8 mo' (7 mi^ - 2 pi^) + 5 (28 mi^ - 8 mi^ pi^ + p^^) 

3360 

4 mo' + 24 mi^ - 3 pi^ 1 
— , (I^- 4)^1111111 = - 

-126 mo^ - 126 mi^ + 84 mi^ pi^ - 36 mi^ pi^ + 9 mi^ pi^ - pi 

120960 

-42 mo^ (3 mi^ - 2 pi^) - 18 mo^ (7 mi^ - 7 mi^ pi^ + 2 pi^^ 



+ 



120960 

-9 mo' (14 mi^ - 14 mi^ pi^ + 6 mi^ pi'^ - pi^) 



+ 



120960 
11 



{D — 4)Sooooooii 



{D — 4)Sooooiiii 
{D — 4)Sooiiiiii 



[D - 4)5, 



[D - 4)S, 



-42 mo^ - 18 mo^ (7 mi^ - 3 pi^) 

60480 ^ 
-9 mo^ (28 mi^ - 16 mi^ + 3 pi^) 

60480 ^ 
5 (-84 mi^ + 36 mi^ - Qmi^pi^ + pi^) 

60480 

— 12 mo^ + 15 mo^ (—4 mi^ + pi' 



5 (36 mi^ — 9 mi^ pi^ 



000000001 — 



5040 

-9 mo' + 7 (-9mi^+pi^) 2 

^04 ' (^-4)5mmn = -9 

42 mo^ + 210 mi^ - 120 mi^ + 45 mi^ pi^ - 10 mi^ pi^ + pi« 



241920 



12 mo^ (7 mi' - 4 pi^) + 9 mo^ (14 mi^ - 12 mi' pi' + 3 pi^) 

241920 

2 mo^ (84 mi^ - 72 mi^ pi' + 27 mi^ pi^ - 4 pi^) 



(-D ~ 4)i?ooooooiii — 

{D — 4)Sooooiiiii — 

{D — 4)5ooiiiiiii = 

{D — 4)^0000000000 — 



241920 

6 m,)"^ + 120 ///i"^ - 15 pr + 10 iiir pi ^ - pi^ 



20160 



3 mo"^ (8 mi' — 3 pi') + 5 mo' (12 mi^ — 6 mi' pi' + pi^ ) 



20160 



15 mo^ + 10 mo' (9 mi^ - 2 pi') + 7 (45 mi^ - 10 mi' pi' + pi^) 



10080 

(D-4)5niiiiiii = ^ 



5 mo' + 40 mi^ - 4 pi^ 
360 

-462 mo^° - 462 + 330 mi^ pi' - 165 mi^ pi^ + 55 mi^ pi^ 

5322240 

—11 mi^ pi^ + pi^° — 66 mo^ (7 mi' — 5 pi^) 
5322240 

-33 mp^ (14 mi^ - 16 mi^ pi^ + 5 pi^) 



+ 



+ 



+ 



+ 



0000000011 — 



{D — 4)^0000001111 — 



5322240 

-11 mo^ (42 mi^ - 54 mi"^ pi' + 27 mi' pi^ - 5 pi^ 

5322240 

-11 mo' (42 mi^ - 48 mi^ pi' + 27 mi'^ pi^ - 8 mi' pi^ + pi^) 

5322240 

-66 mo^ - 99 mo^ (2 mi' - pi') 

1330560 ^ 
-33 mo* (12 mi^ - 9 mi' pi' + 2 pi^) 

1330560 ^ 
-11 mo' (60 mi^ - 45 mi* pi' + 15 mi^ pi^ - 2 pi^) 

1330560 ^ 
-3 (330 mi« - 165 mi^ pi' + 55 mi* pi* - 11 mi^ pi^ + pi^) 

1330560 

—33 mo^ — 55 mo* (3 mi' — pi' 



221760 



+ 



12 



{D — 4)Sooooiiiiii 
{D — 4)Sooiiiiiiii 



-11 mo^ (45 mi^ - 20 rrii^ pi^ + 3 pi^) 

221760 ^ 
7 (-165 nii^ + 55 mi"^ pi^ - 11 mi^ pi"^ + pi^) 
221760 

-55 mo^ - 77mo^ (5 mi^ - p^^) - 28 (55 mi^ - llmi^ p^^ + p^^) 

55440 

-llmo2-99mi2 + 9pi2 _ 2 
— , (i?-4)i?nimmi--Y^ 



B Explicit UV-parts of C-functions up to rank 8 

-4 mo^ - 4 mi^ - 4 + pi' + P12 + P2^ 



Coo 

CoOii 

Cooool 
C00002 

Cooiii 

Coooooo 



000011 — 



000012 — 



Q 
Q 

C000022 

CoOiiii 
CooOOOOl 



1 ^ _1 ^ 

~2' 00* ~ g' ^0000 



48 



~12' '''' ~ ~24 

5 mo^ + 10 mi^ + 5 777-2^ - 2 pi^ - 2 pi2 - 

240 

5 mo^ + 5 mi^ + 10 m2^ — Pi^ — 2 pi2 — 2 p2^ 

240 

20' ^°°**^-60 

—15 mo^ — 15 mi^ — 15 m2^ + 3 777-2^ pi^ — pi^ + 6 7772^ P12 — Pi^ P12 — P12 

1440 

6 7712^ P2^ - Pl^ P2^ - P12 P2^ - P2'' + 3 ?7li^ (-5 7772^ + 2 Pi^ + 2 Pi2 + P2^ 







1440 


3 mo' (■ 


-5 mi' — 


5 m2' + 2 pi' + pi2 + 2 P2') 






1440 


—6 777-0^ 


- 18 mi' 


- 6 m2' + 3 pi' + 3 P12 + P2' 






720 


-3 mo' 


— 6 mi' - 


- 6 m2' + pi' +2 P12 + P2' 






720 


—6 mo' 


— 6 mi' - 


-18 ms'+pi' +3pi2 + 3p2' 



+ 



+ 



720 

3Q, <-oom,- ^20' "^oo^w- 180 

21 /;/o^ + 63 + 21 1112^ - 7 1112^ pi^ + 3 pi^ - 11 1112'- pn + 3 y^i" 7^12 

10080 

3 Pi2^ - 7 m2' P2' + 2 pi' P2' + 2 P12 P2' + P2^ 



10080 

7 mi' (6 m2' - 3 pi' - 3 pi2 - P2') 



+ 



+ 



10080 

7 mo' (6 mi' + 3 m2' - 2 pi' - pi2 - P2') 
10080 
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0000002 



0000111 — 



^0000112 



0000122 — 



c, 

Q 

C0000222 
Coooooooo 



+ 



21 mp^ + 21 mi^ + 63 - 7 1712' Pi' + Pi^ - 21 P12 + 2 pi^ pu 

10080 

3 pi2^ - 21 P2^ + 2 pi^ ^2^^ + 3 pu P2^ + 3 

10080 

7 mo^ (3 mi^ + 6 7712^ - j^i^ - P12 - 2 pa^) 
+ 

7 mi^ (6 7712^ - - 2 P12 - P2^) 
10080 

7 mo^ + 28 mi^ + 7 - 4 pi^ - 4 pi2 - ]32^ 
1680 

7 mp^ + 21 mi^ + 14 m2^ - 3 pi^ - 6 pi2 - 2 p2^ 

5040 

7 mp^ + 14 mi^ + 21 m2^ - 2 pi^ - 6 pi2 - 3 p2^ 

5040 

7 mp^ + 7 mi^ + 28 m2^ - pi^ - 4 pi2 - 4 p2^ 
1680 

1 r -J- r ^ 

'-^OOiiiJj — 2]^Q' ^OOiJjjj 



+ 



420 



-168 mp^ - 168 mi'' - 168 777.2'' + 28 7772^ Pi - 8 7712^ Pi + 3 pi 

161280 

84 7772^ P12 - 16 77i2^ Pl^ Pl2 + 3 Pi'^ Pi2 - 24 7712^ Pl2^ + 3 Pi^ Pi2^ 

161280 

3 Pi2^ + 84 7772^ P2^ - 16 77l2^ Pl^ P2^ + 3 Pi^ P2^ - 24 7772^ Pl2 P2^ 



+ 



+ 



+ 



161280 

4 Pl^ Pl2 P2^ + 3 Pi2^ P2^ - 24 7772^ P2'^ + 3 Pi^ P2'^ + 3 Pi2 P2^ + 3 P2^ 

161280 

—28 mp"^ (6 7771^ + 6 777-2^ — 3 Pi^ — pi2 — 3 P2^'' 

161280 

-28 7771^ (6 7772^ - 3 pi^ - 3 Pi2 - P2^) ^ 



+ 



+ 



161280 

-8 7770^ (21 7771^ + 21 7772^ + 3 Pi^ + 2 pi^ p^^ + Pl2^ + 3 Pi^ pa^ + 2 pi2 P2^ 



161280 



+ 



+ 3 P2^ - 7 (3 7772^ - 2 pi^ - pi2 - P2^) - 7 7772^ (pi^ + Pl2 + 2 P2^)) 

161280 

-8 7771^ (21 7772^ + 3 pi^ + 3 Pi2^ + 2 pi2 P2^ 



+ 



+ 



00000011 — 



161280 

P2^-7r?72^ (Pl^ + 2pi2+P2^)+Pl^ (3pi2 + 2p2^)) 

161280 

-28 TTlp"^ - 168 777i'' - 28 7772"^ + 12 7772^ Pl^ - 6 pi^ + 24 7772^ Pl2 

40320 

-6 pi^ pi2 - 6 pi2^ + 8 7772^ P2^ " 3 Pi^ ps^ - 3 Pi2 P2^ - P2'' 



+ 



40320 



+ 



-4 7770^ (21 7771^ + 7 7772^ - 6 Pi^ - 3 P12 - 2 P2^) 



40320 



+ 



14 



00000012 — 



00000022 — 



-'00001111 — 



^00001112 — 



00001122 



Coi 
Coi 

C0OOOI222 
C0OOO2222 



12 mi^ (-7 7712^ + 4 + 4 P12 + P2^) 
40320 

-28 mo^ - 84 rrii^ - 84 + 16 - 3 + 48 P12 

80640 

-6 P12 - 9 Pl2^ + 24 1712^ - 4 pi^ p2^ - 6 P12 P2^ - 3 ^2"^ 

80640 

-8 mp^ (7 mi^ + 7 - 2 {pi'^+pu +P2^)) 
80640 

-8mi^ (14 m2^ - 3 - 2 (3 pi2 +P2')) 
80640 

—28 mo — 28 mi ^ - 168 m2^ + 12 m22 pi^ - pi^ + 48 m^'^ pi2 

40320 

-3 pi^ P12 - 6 pi2^ + 48 m2^ P2^ - 3 pi^ p2^ - 6 pi2 P2^ - 6 p2^ 



+ 
+ 



+ 



40320 

-4 mo^ (7 mi^ + 21 m2^ - 2 pi^ - 3 pi2 - 6 ps^) 

40320 

mr (-81 1112^ + 8 pr + 21 pu + 12 p2^) 
40320 

—8 mo^ — 40 mi^ — 8 m2^ + 5 pi^ + 5 pi2 + P2^ 

3360 

—4 mo^ — 16 mi^ — 8 m2^ + 2 pi^ + 4 pi2 + P2^ 

6720 

-8 mp^ + 3 (-8 mi^ - 8 m2^ + pi^ + 3 pi2 + P2^) 

20160 

—4 mo^ — 8 mi^ — 16 m2^ + pi^ + 4 pi2 + 2 p2^ 

6720 

—8 mo^ — 8 mi^ — 40 m2^ + pi^ + 5 pi2 + 5 p2^ 



+ 
+ 



+ 



3360 



"56' 



336 



, a 



OOiiiijj 



840' 



OOiiijjj 



1120 



The reader may recognize that in principle one could put together all functions using the 
notation with i and j. For example C0000112 and C0000122 can be easily expressed as Coooojjj 
with the help of a sum and a Kronecker delta, but for higher numbers of zero index pairs 
this kind of notation complicates comparison. 

C Explicit UV-parts of D-functions up to rank 9 



-DqooO — 

-Dqooooo — 

DoooOii — 



1 _ 1 

12' ~ 43 

-5 mo^ — 5 mi^ — 5 m2^ 



1 1 
120' ^o°°o^^--240 



5 m3^ + pi^ + Pi2 + Pl3 + P2^ + P23 + 

480 



15 



-Dooooool 
-O0000002 
-O0000003 

DoOOOiii 

-Doooooooo 



6 


mo^ 


+ 12 mi^ + 6 + 6 


7713^ 


-2pi2 


- 2 P12 


-2 


Pl3 - P2^ 


- P23 - P3^ 










2880 










6 




+ 6 mi^ + 12 + 6 




2 

-Pi - 


2 P12 - 


Pis 


-2p2^- 


2 P23 - P3^ 










2880 










6 




+ 6 mi^ + 6 + 12 




-Pi^- 


P12 - 2 


Pia 


-P2'-2 


P23 - 2 P3^ 



00000011 



1 



: 1 DoQooiij 



1 



2880 
1 



OOOOijfc 



+ 



2^g ' — wwnj 720' ~ """"-"'J'*' 1440 

-42 niQ^ - 42 nii^ - 42 m2^ - 42 7712^ ma^ - 42 ms^ + 7 pi^ 

40320 

7 Pl^ - 2 pi^ + 14 7712^ P12 + 7 7713^ P12 - 2 pi^ P12 - 2 pi2^ 

40320 

7 Pl3 + 14 7713^ Pi3 - 2 pi^ pi3 - 2 P12 Pi3 - 2 pi3^ + 14 7712^ P2^ 

40320 

7 7713^ P2^ - 2 pi^ P2^ - 2 pi2 P2^ - Pl3 P2^ - 2 P2'^ + 14 7712^ P23 



+ 



40320 

14 7773^ P23 - Pl^ P23 " 2 Pi2 P23 " 2 P13 P23 " 2 P2^ P23 " 2 P23^ 



+ 



+ 



40320 

7 7772^ P3^ + 14 7773^ P3^ - 2 pi^ P3^ - pi2 P3^ - 2 P13 P3^ - 2 P2^ P3^ 

40320 

-2 P23 P3^ - 2 p3^ - 7 7no^ (6 777i^ + 6 7712^ + 6 7773^ 



+ 



40320 

-2 pi^ - P12 - Pl3 - 2 p2^ - P23 - 2 P3^) 



+ 



+ 



00000012 — 



00000013 — 



00000022 — 



00000023 — 



40320 

7 7771^ (-6 7772^ - 6 7773^ + 2 Pi^ + 2 Pi2 + 2 P13 + P2^ + P23 + P3^) 

40320 

-7 777o^ - 21 7771^ - 7 7772^ - 7 7773^ 

10080 ^ 

3 pi^ + 3 P12 + 3 Pi3 + P2^ + P23 + P3^ 

10080 

-7 mo^ - 14 777i^ - 14 7772^ - 7 77^3^ 

20160 ^ 
2 Pi' + 4 P12 + 2 pi3 + 2 P2' + 2 P23 +P3' 

20160 

-7 7770^ - 14 7771^ - 7 7772^ - 14 7773^ 

20160 ^ 
2 Pi^ + 2 P12 + 4 pi3 + p2^ + 2 P23 + 2 p3^ 

20160 

-7 7770^ - 7 r?7i^ - 21 7772^ - 7 7773^ 

10080 ^ 

Pl^ + 3 P12 + Pl3 + 3 P2^ + 3 P23 + P3^ 

10080 

—7 ?77o^ — 7 mi^ — 14 — 14 7773^ 

20160 ^ 



16 



00000033 — 



DoOOOiiii 
-DoOOOOOOOl 



000000002 



Pi' + 2 + 2 + 2 + 4 P23 + 2 Pa' 
20160 

-7 mo' - 7 mi^ - 7 ma' - 21 ms^ 

10080 ^ 
Pi' + Pl2 + 3 Pi3 + P2' + 3 P23 + 3 



1 



10080 

OOOOiiij — — IQgQ ' ^OOOOiijj — ~2520' ^OOOOiijk 



1 



^2Q wwmj 1680 wwnjj 2520 ww^^a, 5040 
28 mo^ + 84 mi^ + 28 ma^ + 28 ma' ms^ + 28 ms^ - 8 ma' pi' 



+ 



161280 

-8 ma^ pi^ + 3 pi^ - 16 ma' pia - 8 pia + 3 pi^ pia + 3 pia' 



+ 



+ 



161280 

- 8 ma' pi3 - 16 ma^ pia + 3 pi^ P13 + 3 pia P13 + 3 pia^ - 8 ma' pa' 

161280 

-4 m3^ Pa' + 2 pi^ pa^ + 2 pia pa' + Pis P2' + P2'^ - 8 ma' paa 

161280 

-8 m3^ pa3 + Pi' P23 + 2 Pia P23 + 2 P13 pa3 + P2' P23 + P23' - 4 ma' P3' 

161280 

- 8 1713"^ + 2 pi^ P32 + P12 P32 + 2 pi3 P32 + pa^ P32 + P23 Ps' + P3^ 



+ 



+ 



+ 



161280 

4 mp^ (14 mi^ + 7 ma' + 7 m3' - 4 pi^ - 2 pia - 2 pi3 - 2 pa^ - paa 

161280 

-2 p3^) + 8 mi^ (7 ma' + 7 m3^ - 3 pi^ - 3 pia - 3 P13 - pa' - Pa3 - P3') 

161280 

28 mo^ + 28 mi^ + 84 ma^ + 56 ma^ m32 + 28 m3^ - 8 ma' Pi' 



161280 

-4 m^^ pi^ + pi^ - 24 ma' pia - 8 m^^ pia + 2 pi^ p^a + 3 pia' 



+ 

+ 



161280 

-8 ma' pi3 - 8 m3^ P13 + pi^ P13 + 2 pia P13 + P13' - 24 ma' Pa' 

161280 

-8 m3^ Pa' + 2 pi^ pa' + 3 pia P2' + P13 P2' + 3 pa"^ - 24 ma' pa3 

161280 

-16 m3^ P23 + Pi' P23 + 3 pia P23 + 2 P13 P23 + 3 pa' P23 + 3 P23' 

161280 

-8 ma' P3' - 8 pz^ + pi^ ps^ + pia P3' + P13 P3' + 2 pa^ P3' 



+ 



+ 



+ 



161280 

2 P23 P3' + P3'^ + 4 mo' (7 mi^ + 14 ma' + 7 m^'^ - 2 pi^ - 2 pia - P13 

161280 

-4 Pa' - 2 pa3 - 2 p^^) + 4 mi^ (14 ma' + 7 mg' - 2 pi^ - 4 pia 



+ 



000000003 — 



161280 

-2 pi3 - 2 pa^ - 2 pa3 - P3') 
161280 

28 mo^ + 28 mi^ + 28 ma^ + 56 ma' m3' + 84 m3^ - 4 ma' pi' 

161280 



+ 



+ 



17 



-Dooooooiii 

-^000000112 

-D000000113 
-D000000122 

-^000000123 
-D0OOOOOI33 
-D0OOOOO222 
-^000000223 
-D0OOOOO233 
-D0OOOOO333 

Dooooiiiii 

DoOOOiiijk 



-8 ms^ pi^ +Pi - 8 1712 P12 - 8 m^^ pi2 + Pi P12 + P12 - 8 m2 P13 

161280 

-24 ma^ pn + 2 pi^ pi^ + 2 pu P13 + 3 Pi3^ - 8 P2^ - 8 ms^ 



+ 



161280 

Pl^ P2^ + P12 P2^ + Pl3 P2^ + - 16 7712^ ^23 " 24 TTlg^ P23 + Pi' P23 

161280 

2 Pl2 P23 + 3 Pl3 P23 + 2 P2^ ^23 + 3 ^23^ " 8 m2^ P3^ " 24 



+ 
+ 



161280 

2 Pl^ P3^ + Pl2 P3^ + 3 Pi3 P3^ + 2 P2^ P3^ + 3 ^23 Pz^ + 3 Ps^ 



+ 



+ 



161280 

4 mo^ (7mi2 + 7m22 + 14 mg^ - 2^1^ - - 2pi3 - 2^2^ - 2p23 - 



4 mi' 


^ (7 m2^ + 14 ma^ - 2 


161280 
- 2^712-4 


Pl3 - P2^ - 2 P23 - 2 P3^) 


8mo^ 


+ 32mi2 + 8m2^ + 87713^ - 


161280 

- 4pi2 - 4pi2 


- 4pi3 - P2^ - P23 - P3^ 


8mo^ 


+ 21/;/i2 + 16/;/,2 + 8///:r 


26880 

- 3/;i^ - 6/;i 


2 - 3/^1:-! - 2j)-r - 2p2:', - p?^ 


8mo^ 


+ 24^1^ + 8m2^ + 167713^ 


80640 

- 3pi^ - 3^>i2 - 6pi3 - P2^ - 2p23 - 2^3^ 


8mo^ 


+ 16mi2 + 24m2^ + 87713^ 


80640 

- 2^1^ - 6pi2 - 2pi3 - 3p2^ - 3p23 - P3^ 


4mo^ 


+ 87711^ + 87712^ + 87713^ - 


80640 
Pi' - 2pi2 - 


2pi3 - P2^ - 2p23 - PZ^ 


8mo^ 


< 

+ 167771^ + 87772^ + 247773^ 


S0640 

- 2^1^ - 2pi2 - 6pi3 - P2^ - 2>P23 - 3p3^ 


8mo^ 


+ 87771^ + 327772^ + 87773^ - 


80640 
- pi' - Api2 - 


- Pi3 - Ap2^ - Ap23 - P3^ 


8mo^ 


+ 87771^ + 247772^ + 167773^ 


26880 

-pi^ - 3pi2 


- 2pi3 - 3p2^ - 62?23 - 2p3^ 


8mo^ 


+ 87771^ + 167772^ + 247773^ 


80640 
-Pi^ - 2pi2 


- 3pi3 - 2p2^ - QP23 - 3P3^ 


8mo^ 


+ 87771^ + 87772^ + 327773^ - 


80640 
- Pi^ - Pl2 - 


4pi3 - P2^ - 4p23 - 4p3^ 



+ 



26880 



1 



1 



3360 



; DoOOOiiijj 



672 

1 1 

13440' ^^^'^'^ - 20160 



6720 
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